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Hurwitz criterion 

Pole equation: 

Adolf Hurwitz 

1859 - 1919 

(Otherwise the system is unstable.) 

Hurwitz matrix 



Hurwitz criterion 

Hurwitz determinants 

Hurwitz criterion 
𝐻1, 𝐻𝑛 > 0 is trivial  

from the assumption. 

Another expression:  

 

Divide the denominator to odd and even parts 𝑂(𝑠) and 𝐸(𝑠).  

If the zeros of 𝑂(𝑠) and 𝐸(𝑠) are aligned on the imaginary axis  

alternatively, the system is stable. 



Disturbance and noise on feedback control 

Circuit treatment of fluctuations: • Prepare external power sources 

• Express them as transfer functions 
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PID control 

+ 

+ 
𝐺(𝑠) 

𝑌(𝑠) 

+ 

𝐾𝐼

𝑠
 

𝐾𝑃 

𝐾𝐷𝑠 

+ 

- 

𝑅(𝑠) 

P: proportional, I: integral, D: derivative Compensator 

(controller) 



PID controllers 



4.4 Example of active element: Transistors 
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pn junction thermodynamics 

Consider electrons 
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voltage (polarization) → energy cost 

𝐹 = 𝑈 − 𝑇𝑆 

Voltage (internal energy cost) Diffusion (entropy) 

Minimization of 𝐹 → Built-in (diffusion) voltage 𝑉𝑏𝑖 



4.4.1 I-V characteristics of pn junctions 

- - - 

+ + 

- - - 

+ + 

+ - + - 

Reverse bias Forward bias 

enhances 𝑉𝑏𝑖 : no go overcomes 𝑉𝑏𝑖 : go 

Rectification 

𝐽 = 𝐽0 exp
𝑒𝑉

𝑘B𝑇
− 1  

Shockley theory 

Minority 

carrier injection 



Injection of minority carriers 
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Fate of injected minority carriers:  

 Radiative recombination 

ℎ𝜈 
light emitting 

diode 

Nick Holonyak Jr. 



Solar cell (injection of minority carriers with illumination) 
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Gerald Pearson,  

Daryl Chapin 

and Calvin Fuller 

at Bell labs. 1954 



4.3.2 Discovery and invention of bi-polar transistors 

The first point contact transistor 

(Dec. 1947 

The paper published in June 1948.) 

John Bardeen, William Shockley, 

Walter Brattain 1948 Bell Labs. 

Bipolar junction transistor 
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Field effect transistor 



Bipolar transistor structures and symbols 

PNP type NPN type 

Similar characteristics PNP and NPN: complementary 



Base-Collector characteristics 
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How a bipolar transistor amplifies? 

Base Emitter Collector 
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How a bipolar transistor amplifies? 

Base Emitter Collector 
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Base-Collector characteristics 
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Collector-Emitter characteristics 
n n p 

E B C 
𝐽𝐶 



Current amplification : Linearize with quantity selection 

𝐽𝐶 =  ℎ𝐹𝐸  𝐽𝐵 

Emitter-common current gain 



Linear approximation of bipolar transistor 
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Concept of bias circuits for non-linear devices 

Common emitter amplifier For bias (dc) circuits 

 

All the capacitors can be viewed as 

break line. 

+𝑉 

For small amplitude (high-

frequency) circuits 

 

All the capacitors can be viewed as 

short circuits. 



Concept of equivalent circuit 
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Concept of equivalent circuit: Where is feedback? 
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Current amplification: Emitter follower 

𝑣𝑜

𝑣𝑖
=  

𝑗𝑏(1 + ℎ𝑓𝑒)(𝑅𝐸 ∥ 𝑅𝑜)

𝑗𝑏[ℎ𝑖𝑒 + 1 + ℎ𝑓𝑒 𝑅𝐸 ∥ 𝑅𝑜 ]
 

      ≈ 1       (ℎ𝑓𝑒 ≫ 1) 

𝑣𝑜 does not depend on load  

 resistance 
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Complementary transistors 
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Symmetric: Small collector current 

 (idling current) for zero input. 
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Symmetric characteristics: Complementary 



Example of transistor datasheet 



Example of transistor datasheet 



Example of transistor datasheet 

ℎ𝑓𝑒 linear model availability  

in the range of 𝐽𝐶 . 

Cut-off frequency as a function of 𝐽𝐶  



Common emitter (grounded emitter) amplifier circuit 



4.4 Field effect transistor (FET) 

Junction FET (JFET) 

Circuit symbols 
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MES-FET 



MOS-FET 

enhancement 

depletion 

inversion 

Simplified 

CMOS inverter 

circuit 

Low leakage 

current 

Single gate input 

both on/off switch 



Static characteristics of FET 
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Exercise C-1 
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In the circuit shown in the 

left, at point P, a waveform in 

the lower panel was 

observed. Here V+ and V- are 

power source voltages for + 

and – respectively. 

 

Draw a rough sketch of the 

waveform for Vout. 

 

“Rough sketch” should 

contain the levels and the 

timing of folding points. 

Write a short comment why 

Vout should be in such a form. 

Vout 



Exercise C-2 

- 

+ 

𝛾𝑅 

1 − 𝛾 𝑅 

𝐴 Consider a differential amplifier with 

the open loop gain 

So the gain diverges with 𝑠 → 0 but here we ignore this 

instability. The input impedance is ∞, and the output 

impedance is 0. 

It is now placed in a circuit with a feedback shown in the 

left. 

Obtain the stability condition for 𝛾. 

 

(hint) Apply the Hurwitz criterion for zeros of even and 

odd parts of the denominator. 

Or just calculate 𝐻2. 



Exercise C-3 

ℎfe𝑗b 

𝑗1 

ℎie 

C B 
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𝑟𝑒 

𝑗2 

𝑣1 𝑣2 

Let us view a bipolar transistor plus 

an emitter resistance as a four 

terminal circuit as shown in the left 

figure. 

Obtain the Y (admittance) matrix 

defined below for this circuit. 

 

Calculate each element in the Y 

matrix for 

𝑟𝑒 =25Ω, ℎ𝑖𝑒 =500 W, ℎ𝑓𝑒= 200 


