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Review: Scattering (S) matrix (S parameters)

Transmission lines: wave propagating modes → Channels
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In the case of  two-terminal pair circuit
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S-parameter representation of high-frequency devices
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𝑆11 = 𝑟𝑙 , 𝑆22 = 𝑟𝑟
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Review: Smith Chart P.H. Smith
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Comment: Mirror effect
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𝐶
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𝑗1 = 𝑠𝐶 𝑣1 − 𝑣2 = 𝑠𝐶(1 + 𝐴)𝑣1

𝑣2 = −𝐴𝑣1

𝑠 =
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An amplifier may change the effective impedance of passive elements.
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equivalent circuit

: mirror effect



S-parameter representation of high-frequency devices

Ex) NE76084 MES FET 0.5～18GHz

𝑆11

The datasheet tells that we need

impedance matching circuits

with transmission lines with 

𝑍0 = 50 Ω.

BJT,

FET

input

matching

circuit

output

matching

circuit

50W

50W

𝑍𝑖𝑗
𝑜

𝑍𝑖𝑗
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Insert input and output matching circuits to kill reflections.



Impedance matching circuits

BJT,

FET

𝑍𝑆
𝑍𝐿

The circuit is summarized at the boundaries as

If we know Z-parameters of the input/output matching circuits,

from Ho-Thevenin’s theorem

𝑉𝑆



Z-matrix, Ho-Thevenin’s theorem
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Then1. Measure the open terminal voltage 𝑉0.

2. Turn off all the power sources (voltage sources: short, current 

sources: open). Measure the open circuit impedance 𝑍𝑖.

Ho-Thevenin

Z-matrix

𝑍𝑆



Impedance matching circuits

𝑍𝑖𝑗 : BJT (FET) Z-parameters, again Ho-Thevenin says

If we know Z-parameters of the input/output matching circuits,

from Ho-Thevenin’s theorem

BJT,

FET

𝑍𝑆
𝑍𝐿

𝑍𝑙 𝑍𝑟

The circuit is summarized at the boundaries as

𝑉𝑆

matching condition: 𝑍𝑙 = 𝑍𝑆
∗,  𝑍𝑟 = 𝑍𝐿

∗



Impedance matching with S-parameters

𝑎1
𝑏1

𝑎2
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𝑟𝐿

In S-parameter treatment, we use complex reflection coefficients

to express load, source etc.

𝑟𝑆 𝑎1
𝑏1

𝑎2

𝑏2

Matching condition:

Solution 

with



Practical impedance matching with Smith chart

Series and parallel connection of passive elements and traces on charts

Smith chart Admittance chart



Im r

Re r

immittance chart

An example of impedance matching
𝐶𝑆

𝐿𝑃 50 W𝑍𝑠

frequency 100 MHz ≈ 628 Mrad/s

start

target

Re[Y]=1
Re[Z]=0.4

equalize:

𝐿𝑃 ≈ 65 nHsimilarly



Impedance matching designer

http://leleivre.com/rf_lcmatch.html

http://home.sandiego.edu/~ekim/e194rfs01/jwmatcher/matcher2.html

http://leleivre.com/rf_lcmatch.html
http://home.sandiego.edu/~ekim/e194rfs01/jwmatcher/matcher2.html


Useful freeware: Smith v4.0

http://fritz.dellsperger.net/smith.html



Impedance matching with Smith V4 (1)



Impedance matching with Smith V4 (2)



5.4 Non-TEM mode transmission line
𝑑𝑥

𝐽 + 𝑑𝐽

𝑉 + 𝑑𝑉

𝑍𝑑𝑥

𝑌𝑑𝑥

𝐽

𝑉

Characteristic impedance

LC model: 𝑍 = 𝑖𝜔𝐿, 𝑌 = 𝑖𝜔𝐶

: real, dispersionless (no w-k relation)

The inductance represents magnetic fields circulating the core and the 
capacitance electric fields directing from the core to the shield.

Non-linear w-term in Z or Y → dispersion (longitudinal components)



5.4 Non-TEM mode gives mass in transmission line

Constant finite mass: 𝐸 = ℏ𝜔 ∝ 𝑘2

(Schrodinger eq.: Parabolic partial differential equation)

Coupling between linear dispersions: mass mechanism cf. Higgs

C: capacitance per unit length
L: inductance per inverse unit length
K: inductance per unit length

C

K

C

K

C

K

L L L



5.4 Non-TEM mode gives mass in transmission line

1

𝐿𝐶
= 𝜔0 unchanged with 𝑑𝑥 → 0

𝜔

𝜔0

k

𝜔 = 𝑐∗𝑘

ℏ𝜔0 = 𝑚∗𝑐∗2



5.4 Giving mass to LC transmission line

No dispersion

Velocity:



5.5 Non-linear LC transmission line and Toda lattice

Toda lattice is a typical non-linear system with exact (soliton) 
solutions. It is defined as follows:

The springs in (a) have Toda-potential:

Equation of motion:

Force of a spring: 

For relative shift
𝑟𝑛 = 𝑢𝑛+1 − 𝑢𝑛



Solitons in Toda lattice

Soliton solution: 

x

sech2(𝑥)

N = 2 soliton solution:



Non-linear capacitance: Vari-cap

Varicap BB505

⊱≖ ∡ ≖



L-Varicap transmission line



Solitons in non-linear circuit



Toda lattice circuit, Soliton circuit


