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Outline 6.4 Discrete signal
6.4.1 Sampling theorem

6.4.2 Pulse amplitude modulation (PAM)
6.4.3 Discrete Fourier transform

6.4.4 z-transform

6.4.5 Transfer function of discrete time signal

Ch.7 Digital signals and circuits

7.2 Logic gates

7.3 Implementation of logic gates

7.4 Circuit implementation and simplification of logic
operation



Buein-McCluskey algorithm
(Example) Y:A-B-C-D+B-C-D+A-B-C‘+A.B-C-D
Y=A-B-C-D+(A+A)-B-C-D+A-B-C-(D+D)+A-B-C-D
—A-B-C-D+A-B-C-D+A-B-C-D+A-B-C-D
+A-B-C-D+A-B-C-D

Or in binary: Y = 0011+1111+0111+1101+1100+1011

Classification with the number of

1 0011 0 11
. . _ 1100 011 _11
CompressionwithA+ A =1
occurs between different classes 3 0111 110_
with number difference 1. 1011 111
1101 111

4 1111 11 1
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This shows an example for formation of principal disjunctive canonical expansion.
As shown here, a practical way to obtain the canonical form is to use A+Abar=1 and multiply this term to that does not have “A” and the same for others.

Next we classify the terms with the number of 1 as in the table.
With using A+Abar=1, we do the compession one by one decreasing the number of 1.



Quein-McCluskey algorithm

- smallest

Original terms — 0011 1100 011 1011 1101 1111
a6 o o o

Y= 114110 +11.1 41 110 | © O
8o | | ] | Jeoele

Search for redundant
terms.

Put circles if the original
term contains the
expression. 11 © ©

© ©
Then indispensable ones 110 ©
O \ / O

- smallest

0011 1100 0111 1011 1101 1111

should be marked with —
double circles. 111

T T T Give priority to already

[ AEJ R = —11+110—} Single circle in one column  indispensable terms.




Simplification of logic: Wolfram alpha
https://www.wolframalpha.com/

Examples for

Boolean Algebra

Boolean algebra is the study of truth values (true or false) and how many of these values can be related under certain

constraints. Wolfram|Alpha works with Boolean algebra by computing truth tables, finding normal forms, constructing logic

circuits and more.

Boolean Algebra

Perform Boolean algebra by computing various
properties and forms and generating various
diagrams.

Analyze a Boolean expression:

Pand notQ =

P&&(Q|IR) =

General Boolean Functions

Compute with Boolean functions specified by an
integer index and the number of variables.

Truth Tables

Generate full truth tables for a Boolean function of
many Boolean variables.

Compute a truth table for a Boolean function:

truth table p xor q xor rxors =

Normal Forms

Calculate various normal forms of a Boolean
expression.

Convert a Boolean expression to disjunctive normal
form:

DNF (P[] Q| R) && (~P | ~Q) =

RELATED EXAMPLES
= Computational Sciences

= Set Theory

Logic Circuits

Visualize the logic circuit of an arbitrary Boolean
expression.

Compute a logic circuit for a Boolean function:

logic circuit (p or~q) and (rxors)



Design of sequential logic circuit: State diagram
State (transition) diagram:

EX) 2-bit counter with two T-FF

Transition 0/0 0/0 0/0 0/0
a/b Q‘ 1/0 1/0 O 1/0
OO0
state mput output state o
input x
_ 0 1
FF Ol:t?Ut'( ) next out next out
1 2 1 2 1 2 1 2
Qn’, Qn gb) 7(%) an,—l)—l ng—i)—l y fo(w)rl Q7(1—|)—1 y
0 0 0 0 0 1 0 0
Karnaugh map 0 1 0 1 0 1 1 0
simplification 1 0 1 0 0 0 1 0
1 1 1 1 0 0 0 1




Design of sequential logic: Karnaugh map simplification

Q
Q

= 1QP, 09, 2)
@) _ oW, Q® Dls @il
T Q(Q , Qo ) e .
Woo@lo 1]o 1
ool 0o |0 1/0 0
oLo? | o 1o (1 |[1]1
oo | 1 1 [110]1 o0
oPo® | 1 o |1 0]0 1
L Q= QP +3.QY

similarly Qn b=

7-QP+QP Q) +2-Q, - QY.




Design of sequential logic circuit: State diagram

QN =7 QP +2-Qy),
0 =7 QP +QP Q) +2-Qy - Q.

Recursion equation:

T Q1Q Characteristic equation (recursion equation)
Qr— |+ 0]0
T— 11 T-FF: Qnt1=TQn+TQ,
Q— T 01
110




Design of sequential logic circuit: State diagram

O, TFF1 O, TFF2




7.5 AD/DA converter circuit

7.5.1 Digital to Analog conversion
Resistor string type DA converter

n bits converter
— 2™ outputs!, 2™ resistors!

Pinput
Vout — 1121iu VS

Decoder

2??

251




7.5.1 Digital to Analog conversion

o dl d2
Resistor ladder type DA converter 0 0
MOS switch array {¢ I L[A
ON: Vg S
OFF: ground 2R
A : AN
R 4 R
2R A,
Input (0,0,++,0,1,0,++,0 dk = 1, others =
2R
2R R
¢ NNV --- ——
LS > "

dn—l dn
________ | ’ .
| fall ’ 'l
— il .
2R§ 2R%
--------- ANA
A& R A 2R &
Anfl A"
v
J VS . VS
! 2R+ R) G6R



7.5.1 Digital to Analog conversion

n—k+1
Vs (1
ou 1 0---0)=—"|[2=2
Jl n k‘ 1
Ji 2R ﬁ+1='§
_—> Vs k
— 6-2"R
Ji/2
R¢ From the superposition theorem:
2R | 1 i
Vour({di}) = —5— QRVSZ2 di
—>

]out



7.5.1 Digital to analog converter
Pulse width modulation (PWM)

Original wave

Bl [IIRNNENE

Digital signal —
PWM signal with a counter

\ A o

Low pass filter W
Analog signal

D-class amplifier

TRIANGLE-WAVE
OBCILLATGR

GATE-DRIVE
AMPLIFIER

Viith




7.5.2 Analog-digital converter

Successive input — comparator
comparison type AD and Successive comparison resistor]
hold MSB
converter >
>
> ) —
.\ LI i Y Y Y \ 4 Y LSB
—|_ g DA converter
Sample T R R R R
Flush type input | g | AAAAMAAANA- - -
hotd [ T (I [ [~~~ ~~~°
comparators
Decoder




7.5.2 Analog-digital converter

Integrating Analog-Digital converter

clock
v | Sample L
1 and — U a
h0|d h count FC__‘)
e’ >
_ (@]
comparator O
\l' ? reset
|\ v,
C
? 1 1 start
|74 1l R
’ ANN— Vs

Vcount




7.6 Digital Signal
Processing
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Now I would like to finish up small scale digital circuits and have some jump up to large scale circuits.
This is an example of edge enhancement. To have real-time hand trembling correction in digital cameras this kind of signal processing is necessary.
So this section, we would like to see how such circuit for digital signal processing is composed.


® .6 Digital filter as digital signal processing

Digital filtering {z:} = (zo, 21, ") Yn = F(Tp—t, Tn—g+1, ", Tn)
(signal processing) is { |
a kind of mapping : {v:} = (o, 91, ) We here assume synchronized

circuit action with a clock signal.

w

~ Block diagram representation of operations

HD_b Yn—axy, K ) _X+y Xn r Yn=Xn-1

constant multiplier adder () delay (shift register)
X

\‘(:)_> Z=XxXYy
, (d) multiplier
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So far we saw that a digital signal is a series of numbers (represented by multiple bits) in discrete time space.
Hence a filtering or signal processing is a kind of mapping from the input series to the output series.
Here we assume synchronized circuit action with a clock signal.

To describe such a large scale circuit, often adopted is the block diagram representation.
You are already familiar with the block diagrams but here I would like to review the basics.

The triangular mark with some number (in this case a) is used for multiplier of constant a.
Explanations for adder or subtractor and multiplier are needless.
This delay or shift register is a bit new. This is a kind of memory which stores the data one clock before and emits at the next cycle.
Anyway these are kinds of “nodes”, to which signals gather and from which signals emit. They are in a sense, digital-version of s-matrices in analog signal circuits.
Actually some of them can be written in matrix form but this cannot be always done.




Block diagram and representation in z-space

22,13, 2x,+3x,_1—4x,_3

W\ﬂi\%’: =2z, +3x,_1 — 4x,_3

| In z-space, i.¢. X(z)=) znz™™, Y(@)=) ya2™"
n=0 n=0

e < Y(2) = 2X(2) + 321X (2) — 423X (2)
\* 5% = (243271 — 427 )X (2)

¢ . H(z)(transfer function) = 2 + 327! — 427"
N&ﬁh,
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This is showing an example circuit. The input is divided into three with one and three delays. They are multiplied by 2, 3 and -4. So the output can be written in this form. 
Though the diagram is so simple, the data transmission lines need parallel lines with bit-number and memories, multipliers, adders require large amount of circuit resource.

Now we consider to see this circuit in z-transformed space. The input and output z-transform is written like this and the relation is simply written as this.
Hence this red underlined part is the transfer function in z-space.


®low to realize block diagrams

Digital signal processors (DSPs) ex) DSP package

Needs writing program before installation. (Texas Instrument)  §

Programmable with high-level languages like C, etc.
Decimal expression of numbers (floating point,
fixed point)

Numerical processing packages (FFT, etc.)

Micro-processors

Field programmable gate array (FPGA) ex) FPGA (MachX02)

Needs writing program (high-level languages are ex) dsPI1C
possible) (microchip
Comparatively slow action. technology)
Commands specialized for digital signal processing.

i (lattice semiconductor)
Fast action.

Some complication in programming (almost solved)
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You understand even the previous simple circuit need a lot of resource.
It is out of problem to compose digital signal processing circuits with standard gates IC’s.
Instead we use some specialized processors for such purposes. 



®R filter

Finite Impulse Response (FIR) filter
Xn Xn-1 Xp-2

k

Un =D 0iTn-j  X(2)= @z V()= guz "
d gl n=0 n=0
e k
A H(z) = Z ajz?
- . TWT TWTYN __ —1JWwT
Response in frequency domain g — ¢ H(e™") = Z a;e

7=0
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Signal processing circuits can be viewed as filters.
In this circuit, the signal flows through many crossing points but in one way. That is, a signal which goes through a branch never comes back there through some filters.
Hence, as long as the circuit is finite, the response is finite. So this kind of filter is called Finite Impulse Response (FIR) filter or fir filter in short.
And this is summation of constant multiplied delayed inputs. 

Remember that z-transform is discrete version of Laplace transform. Then the frequency characteristics can be obtained by considering this z on the frequency axis or imaginary axis.
So we simply write z as e^{i\omega\tau}. Here \tau is the sampling time or the clock period.


A simple example of FIR filter

0.8

0.4

0.2

0.6

+. moving average, —: differentiation

T 1
1._
0.8F
H,
0.6 |Hy
0.4
02F
1 N 1
0 1 ® (1/T) 2
I 4 I
1_
arg(Hy)
0_
1k
5 1 N 1
0 U 2

H:I: (67@7) —

| i (;;;({;’,1//223)
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This is the simple example of moving average and differentiation. They have the inverse tendency within the meaningful angular frequency regime, which is the half of sampling frequency or the Nyquist frequency.



A simple example of FIR filter

0.6

0.4

0.2

0.8

0.8

0.6

0.4

0.2

|Hy

[

o (1/7)

. Differentiation of
moving average

Hd(eiw'r)
_ (1 o e—QiLuT)/Q

e "™ sin wTt
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If we take the differentiation of moving average, the frequency characteristics changes to band-pass type.



ﬂeedback and transfer function

¥y ":- o V()

ﬁ*‘\;qu‘]‘ Hy(z) |e—

i

e Y(z) = Hi(2)W(2) = H1(2)(X(2) + H2(2)Y (2)),
e LY (2) = 5= }f}ij}ﬁ(z)m
H,(2)
i M) = T () )
\*‘\}% | (transfer function) = (dhiegPEain)

1 — (feedback transfer gain)
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Next we consider the feedback. This is the simplest typical form of feedback.
Because the output is backed to the input, the overall output is written as this. This is, in physics, in a sense, the Dyson equation in perturbation theory.
Hence the transfer function can generally be written in this form.



®nfinite Impulse Response (1IR) Filter

k m Yn
Yn = Z WTn—1 + bjYn—; Stability condition: lIim y, =0
[=0 j=1 n—0o0
i m | For impulse response y.
Y(z) = X(2) Z az P +Y(2) Z bjz™’ "
1=0 j=1

Y(Z) k m

H(z) = =) gz 1— ) bz
xa =y /(-

Conversion of z-transform: |z|>1 the poles should be in |z|<1
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In digital filters we can also consider feedback. This is a general description of filter with feedback.
After a single delta-function input or impulse input is given, it goes around the circuit infinite times. So this kind of filters are called infinite impulse response (IIR) filters.

An IIR filter to be stable, for a single impulse input the response should converge into zero. This is natural because otherwise the output persists for no input.
The previous calculations for FIR filter and feedback circuit can be summarized in this formula.

Now the conversion of z-transform is given out of the unit circle. Hence this filter to be stable, the pole in this expression should be inside the unit circle



Besign of FIR filter: Window function

1, |LU| < We,

Ideal low pass filter:  G(e“7) =
0, we < |w| < wn Nyquist frequency

: ”, > 1 W . o0 1
G(e™T) = — —sinc (n—c) e T =~ Z —sinc(ny. )z "
WN nmw WN nm
n=—00 n=—00
o) . G(e)] ]
1 T os ] Neut = 20
«—> N
Nyquist 1 ‘
o polllfe ) . oo,
ol o o )| || S e ar o arae

Cut the series at a finite number Ripples in frequency characteristics
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Now we consider the ideal low pass filter, which is impossible to be realized as I said long before.
But as we did in the discussion of nature of the filters, we first assume an ideal low pass filter and from the analysis of the characteristics, we consider a kind of feedback to more realistic filters.
Of course here we have upper limit from the sampling.

Now in the discrete Fourier space (or on the frequency axis of complex plane in z-transformed space), this characteristics can be written as a sum of sinc function.

Because this is the infinite sum this characteristics cannot be obtained. So we put some cutoff of the summation series.
This is the gain characteristics for a finite sum of the cutting limit equals 20, which has many ripple characteristics.
As we saw before, this leads to big distortion in the filtered signal.




Besign of FIR filter: Window function

Sudden cutting of z-transform series — Ripples:
Cut with a smooth function

-0.2

[ T (a\/l — (’n/L)Z)

iser wi — n] < L
Kaiser window w,, = Io(@) )
.......... L0 n| > L
12 - I : Oth order 15t type _
1 modified Bessel function
6(et)]"
0.6 ncut = 20
>  oa-
0.2 o
0
P m e memm 090)1/(1)1\, . 0 '0.|1 'o.'z .o.ls 'o.|4 .o.ls 'o.'s 'O.I? 'o.ls .o.lf.a | 11 w/a)N
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The ripples come from the sudden cutting of z-transform series.
Hence a simple remedy to this problem is to cut the series not suddenly but with a smooth window function.
This is often used, so called Kaiser window, which has a lineshape like this.
With this, the characteristics becomes smooth as shown here. But if you enlarge for example this part, you can still realize some ripples.



Besign of IIR filter 07—
Transfer function is generally represented by a rational function (A EIZ).
A way to design IIR filter: modification of analog filter transfer function (s-z transform).

N-1
2k + 1
Butterworth filter: =(s) = Z il , Sk = T'c€Xp [z {g + ( 2_']_\7 = H (1)

Heaviside function <

N—-1

Time discretizationwith — p, — .. Z wy,e"S*

_ 1. 1—eX s )z 1
T=1: k=0 k=0 p k

—1

This form is obtained by replacement of | (s — s) ™' — (1 —exp(s)z~ ")~}

In eg.(1). This is called impulse invariant method.
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Designing of IIR filter is not so simple as FIR filter because they contain feedback circuit and we need to consider stability etc.
An easy way to design IIR filter is to follow analog filter, that is, obtain transfer functions in z-space by discretizing the corresponding analog transfer function.

Here is an example. Remember n-th order Butterworth filter, which has n poles in the transfer function.
This is stable because all the poles are on the left half of the complex plain.
Then impulse response can be written in this form of summation of exponential decay with poles as the decay constants. This is Heaviside function.

The time discretization can be done with the period 1 to convert xi to h_n and the z-transform gives the transfer function as this form. Now comparing this formula with the above Xi, we find the conversion can be attained by replacing s-s_k with 1-exp(s_k)z^{-1}. This conversion method is called impulse invariant method.




®esign of IR filter (Bilinear z-transform method
Bilinear z-transform (A& —¥RzZ2 HavE) -

-1 IO W
. N 1—2 i) = : () = tan —
1+ 21 1+ et 2
b b1z L+ boz 2 4+ baz 3 + bz ?
4t Butterworth: H(z) = 0o 1 Ll 2 gl 3 i 4
example) Il —ai1z=t —agz7% —azz° —asgz™
10" — 1 ' I l | i
o o 1.001 ' ' ' 1
< 102 = =
£ = Q! ‘
07 05 {1 = i 1
0.999 |- 1
107 : ! . :
1 0 200 200
f(Hz)
10 060 ""2000 3000 4000 3000 0

. 1 L 1 | L 1 1
f(Hz) 1000 2000 3000 4000 5000
/(Hz)
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The impulse invariant method is effective when the input signal spectrum is well under the Nyquist frequency.
Another way is to replace s with this form. This is called bilinear z-transform method.
Let the frequency in s-space Omega and that in z-space small omega. Then large omega is tangent omega/2.
This function project infinite s-space into finite z-space and solve the problem of upper limit of the Nyquist frequency.
With this, characteristics almost without ripples can be achieved.



oW http://t-filter.engineerjs.com/

=,
Gain vs. Frequency Impulse Response  Source Code Feature Request Enterprise [IR Design @ need a FIR ﬁ]wﬁ

Y 20
M ripple bounds

Digital filter design web application

desired gain | plain text v | double ¥

M actual gain
-0.02010411852585732
, -0.05842798004352508
° — — -0.061178403847821976
-0.010939393385335943
0.05125096443534972
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0.05125096443534972
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R\daptive filter

7
input Filter with variable output} block diaaram example
coefficients J P
b x[n—1] x[n-2]
TN Coefficients - ! gES
correction program + Yy = -
reference Y yln]
»(+ (- —
i Iyln] i In[n]
™ SR
| Least mean square method: T © S L
i ho[n+1] i i gn]y ~
hill +1] = hgll] + 2ce(l]z[l — K] o S ‘;gg[',;‘]*"ﬁ“(%

Reference d[n]
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For adaptive filters I just introduce the concept.
In this diagram the output is compared with the reference signal and the result is reflected through some program to tune the coefficients of the filter.
So this is a kind of edge enhancement. The filter characteristics are automatically tuned to the center of the signal.


Adaptive filter (adaptive line enhancer)

(@) u=1x10"01BEsE (b) u=1X10"°01BE



	電子回路論第13回�Electric Circuits for Physicists #13
	スライド番号 2
	Quein-McCluskey algorithm
	Quein-McCluskey algorithm
	Simplification of logic: Wolfram alpha
	Design of sequential logic circuit: State diagram
	Design of sequential logic: Karnaugh map simplification
	Design of sequential logic circuit: State diagram
	Design of sequential logic circuit: State diagram
	7.5 AD/DA converter circuit
	7.5.1 Digital to Analog conversion
	7.5.1 Digital to Analog conversion
	7.5.1 Digital to analog converter
	7.5.2 Analog-digital converter
	7.5.2 Analog-digital converter
	スライド番号 16
	7.6 Digital filter as digital signal processing
	Block diagram and representation in z-space
	How to realize block diagrams
	FIR filter
	A simple example of FIR filter
	A simple example of FIR filter
	Feedback and transfer function
	Infinite Impulse Response (IIR) Filter
	Design of FIR filter: Window function
	Design of FIR filter: Window function
	Design of IIR filter
	Design of IIR filter (Bilinear z-transform method)
	Digital filter design web application
	Adaptive filter
	Adaptive filter (adaptive line enhancer)

