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Review

Chapterl Basic Notions of Magnetism

Classical pictures of magnetic moments in materials: > Magnetic charges
» Circular currents

Experimental methods to measure magnetization

Paramagnetic and diamagnetic terms in classical magnetization

Breakdown of classical magnetism: cancellation of paramagnetic and diamagnetic terms
(Bohr-van Lewuuen theorem)

Introduction of spin angular momentum by relativistic guantum mechanics



1. Spin-orbit interaction
2. Magnetism in quantum theory

Chapter 2 Magnetism in localized systems

1. Spherical potential
2. Larmor precession
3. Magnetism of Inert gas

4. LS multiplex ground state of open shell 1ons and Hund’s rule



Magnetic moment of electron spin

Dirac eq. with electromagnetic field ihﬁ—w = [ca(p+ eA) 4+ Bm — ed| Y

ot
ihg—l—ecb —cC Z o7 —ihi%—eA- — Bmc?| =0
at . J 8Tj / i
B J=Z,Y,= 1
Operation from left: ihg +ep+c Z o7 —ihi +ed; | + fmc?
P _ ' ot . < o :
We obtain j=z,y,2

=0

9 2
[(zha + egb) — A (p+eA)? —m?c* +iche(a - E) + ithe(accasz + aya, By + a0, By)

. (4 . (4 . (4
Because @0y = w,& ), QyOly = 20§; ), QA Oy — w?(; )

2
[(zh% + eqb) —A(p+eA)? —mic* +iche(a - E) — hc*eo - B} =10



Magnetic moment of electron spin (2)

Stationary solution: (7, t) = exp(—iet/h)p(r)

[(e +ep)’ — A (p+eA)? —m? +iche(a - E) — hc*eo - B} w =20

gb =0, £E=0
. . )
= SNETYY  e=mc?+4 We take first order in - —
expansion me
1 eh
— A+ _—0-B|lp=6
[2m(p—|—6 ) —|—2m0' ]go ©
eh B B
[Bohr magneton  AB = 5~ 9.274 x 10 24 71 ]
h
6—0’-B:MBO'-B:2/,LBS-B
2m

Therefore the magnetic moment is —2uBs 5



Two-component separation approximation

Stationary Dirac equation  [cap + mc®f]o = ep

: : 0 o I 0
Pauli representation — k _ :
P L (O'k 0 ) , B (0 —I) 4 X 4 matrices

When the particle sits still: € = £mc”

ug

A\ particle + corresponds to I, — corresponds to —I in 3

— upper two laws: particle, lower two: anti-particle (?)

N E=Cp
2mc? ‘ Finite momentum p requires correction.
Y A
D (n— 0
,, x tan2f = — g = Pt | Leak to lower laws
mce sin 6

\ 0/

anti-particle



Spin-orbit interaction

Stationary equation  (ca-p + fmc* + V) = €p

Two-component approximation ¢ = (:i‘]:)

o P = c_1(5 — V)pa,
O PpA = 6_1(5 -V + 2mcz)<pB.

] - 2
Simultaneous equations { 0 =€—mc

Eraseof o5 ¢ 20 -p(6 — V +2mc®) 'o - ppa = (6 — V)pa

Low velocity (p < mc) expansion  ¢*(§ — V 4 2mc®) ™ =~ 1 [1 _ o=V 4 .. ]

Normalization condition  {¢|e) = (valva) + (¢B|lEB) =



Spin-orbit interaction (2)

Introduction of magnetic field p—p-+ecA

p? 4+ eho - B B v?
4m?2c? oA ) =0 2

Corrected two-component p2 +eho - B
Pa — 1+ PA

Correction due to leakage (pgp|pB) = <90A

wavefunction 8m2c2

Pauli two-component approximation

Zeeman  Spin-orbit interaction

2 2
3, eh eho -p x E eh
— +V H—0c - B|- — V- FE
2m TV chr 4m?2c? 8m?2c?
4 h2 hB2
p_ v g B e

Sm3c?  4m3c? Smsc?



Quantum Mechanical Treatment of Magnetism

1
H= Y| g (Pt AR + Ulra) + gums, - B| + V(7o

1 |

Nucleus potential ~ g-factor

Symmetric gauge A(r,) = (B x 7,,)/2

2
H = [% + U(T‘n)] -+ V('f’l, ra, ) """ 7’[0
hl, =7, Xp, + UB Z(l” +gs,)-B Hq
_|_ﬁZ{ 2B2—(B r )2} ...... Y
8m " " 2



Magnetic moment

B :rnaapnﬂ: — TnaPnB — PnBTna — ihéaﬁ (Oﬁ, /6 —= X,Y, Z)

Commutation relations 4 [SnasSngl = 150y (o, 8,7 = 2,y, 2 (cyclic))

L lnas Ing) =iy (o, B,7 = 2,9, 2 (cyclic))

OH

Magnetic moment H=—55 = B Z +98n) — —— Z{?‘QB — rn(rn - B)}
n p
Z—MBZ n+ gSn) ~ am : (rn X (B X 7Ty)}
Paramagnetic Diamagnetic

This expression does not have drastic changes other than spin magnetic moment.
However ...
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Comment: Spins of nucleons

Protons, Neutrons, Muons have spins.

NMR Neutron diffraction uSR
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Chapter 2

Magnetism of
Localized Electrons

He emission spectrum

400 500 600 700
Wavelength (nm)

Star birth 12



Second guantization

Im) = |n1,n9,---)  Number representation
(index the state with number of particles occupying basis states)

|0)  Vacuum

a;|0) = [1;)  Creation operator of j-th state
(Hermitian conjugate: annihilation operator)

Fermion:

Tt 1
a}.’a'. — a,’az _O’ a’a _6
anti-commutation relation i 3]+ @i, a4 a;,a;] ij

J

number operator 71 = a;r-aj nj |n) =n;n)

Boson: commutation relation  [b;,b;] = [b],b]] =0, [b;,bl] = &

| J> W .



Operators in second quantization representation

Multiparticle operator  F(r1,72,-++) = > _ f(r:)

Slater determinant |4/ 5 ...)

<wm1,m2,---|]: |wn1;n2;"‘> — Z <¢m1,m2,---| f(r?») |¢n1,n2,--->

Second quantization

Particle statistics

Annihilation and creation
operator (anti-)commutation
relations

F = Z (m|f|n) al an

ml i) = [ dros,(m) ()
<¢m1,m2,---|}—Wm,ng,--') — <m|F|n>

1

G = 5 Z (kl|g|mn) a};a;ranam

klmn
14



Electrons in a central force potential
Hy, = Hro + He + Hsor + Her
Localized system ‘ spin-orbit interaction

crystal field

mutual Coulomb interaction

single-electron (non-interaction)

M + ‘/Sp(frj)

Electrons in a central force (spherical) potential

HLOZZ

J

Eigenfunction in polar coordinate: (7,8, ¢) Vnim (1) = Rt (1) Yim (6, )

| _ 2
Radial wavefunction R,,;(r) = b,,;p'e */ 2L25 (p), = gaio
R me?
Eigen ener nl=—""—%5, He=
ge gy €ni 2 8egh3c

_ § : ]
%LO — €nl A 1monlmo
nl mo 15



Larmor precession

Coulomb potential Vsp(7j) = —

wy ) Total orbital angular momentum AL =h) I,

Hi=upusl-B =puglL.B

L Directional quantization ,=M:—-L, —L+1,---,L—1, L

usB  eB
L 2m

Heisenberg equation @ L

dt zh[
Larmor precession L.(t) = Locos(wrt + 0g), L, (t) = Losin(wrt + o)

E=Ey+ ugMB = Ey + hwi, M, [UJL = (Larmor frequency)}

L. Hy+ H; -|-H2]

eBNeB

In the case of spin: g-factor WL =95 — =~ —

2m  m "



Magnetism of inert gases

Star birth Magnetic trap

L = Zl _ZZ m|l|m nlamgamoa

o mm'

Total angular

momentum S = Z = Z Z ( ) maama )
J

m oo’

J=Y j;=L+8

J

Evaporation cooling

17



Magnetism of inert gases

Inert gases: Closed shell structure

L=5=0

due to quantization!

€
Residual is the dielectric term: fig;, = ——— » [rn x (B x 13,)]

4m
T
(& B
=5 r, X (wr X 7r,)] = —% 70 X (muy,)]
o Larmor rotation angular momentum
Z | Element | Susceptibility 5 2
T pa=— (@) B=——— () B
10 Ne —7.2x 107
B —6 N Ze2 (r? -
18 Ar 19.4 <10 _ _NaZef () susceptibility
36| Kr | —28x 10 6m
54 | Xe | —43x 1076 (r*) oo

a
B 18



PERIODIC TABLE OF ELEMENTS

1
H
Hydrogen
3 4
Li Be
Lithium Beryllium
1 12

H Symbol

Hydrogen
Nonmetal

Atomic Number

Name
Chemical Group Block

Pub(Clhem

5 6 7 8
B C N O
B Carb: Nitrogen Oxygen
13 14 16 16

nnnnnnn

oooooooo

nnnnnnnn

87 88 104 105 106 107 108 109 110 111 12 113 14 115 116 117 118
Fr Ra - Rf Db Sg Bh Hs Mt Ds Rg Ch Nh FI Mc Lv Ts Og
Francium Radium Rutherfordium Dubnium Seaborgium Bohrium Hassium i il D i Copernicium Nihonium F:::‘I:I\:‘I:'I‘ ::::::: r:| ::‘c:l::r::l’r::m ,.,,:::,::,:,:l::l,_, Te::::::ne O::::::m
57 58 59 60 61 62 63 65 66 67 68 69 70 71
fLa Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
Lanthanum Cerium P i Terbium Dysprosium Holmium Erbium Thulium Ytterbium Lutetium
88 e o1 o2 93 94 9 9 o 8 99 100 101 102 103
Ac Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No Lr

Actinium Thorium Protacti inium Uranium Neptunium  Plutonium  Americius Curium Berkelium Californium Einsteinium Fermium i



Electronic states in magnetic ions
Open shell electronic states

Angular momentum | orbit m = -0, -l +1,--- 1

State of many electrons: indexed with L and S : state (L, S) degenerated in the absence
of coulomb term

(L, S) term degenerated (2L+1)(2S+1) : LS multiplex

Which state iIs the ground state?

Ho=g 3 (mums

mq,-::,MMyg 0102
<m1m2

62

] ]
m3m4> a’mlal amQO'Q am30'3 a’m40'4

degr

2

e 2

€

m3m4> — /drldrgufnl(rl)u;&JTz)

Umg (TQ)umél (’1’1 )

Areqr 4meg|r1 — T2

20



Dominating terms

mi1 — Mo = Mg — M4

<m1m1

mi = Mg # My = M3

62

po—— m1m1> aLlTaL1¢aml¢am1¢ = Uy Z At (e = @l Gmeo)
m

Coulomb repulsion in the same orbit

% Z U(mla mQ)ﬁmlﬁm2 (ﬁm — anor)

mi7#mse

Coulomb repulsion between different orbits

1
5 Z Z J(m17 mZ)a;r?ucrl a’in202 Amiosmao,

mi1%£mo 0102

myp = ms 7é mao = My
Exchange term

1 | R
= —5 Z J(ml, mQ) (§nm1nm2 -+ 28m1 ) SmQ)
m17#mo

21



Exchange integral

Spin operator s, = » (%) al o Amos
0102

0102

Exchange integral J(my,mo)

62

J(m1,m2) = fdmdrzu;';“(m)

ro)u. (r
1Mn24weohﬁ_—-r2{uwh( )i, (T2)

2
— /drldr2u:’u (71) U, [/ dqe—elq.(rlrﬂ] Uy (T‘z)u:w(?“z)

6092
faa, |
p— q—
6092

> ()

/ Ay, (71 )ty (71)€09
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Hund’s rule

The ground LS multiplex is
determined by the following

1. It should have maximum S.
2. Under the condition 1., it should

have maximum L.

3d transition metal 1ons

Element Configuration lon Configuration L S
Sc 3dl4s?
Ti 3d?4s? Tidt, V4t 3dt 2 12
\% 3d34s? V3T 3d? 3 1
Cr 3d°4s! Cr3t, V2T 3d? 3 3/2
Mn 3d° 45> Mn3+, Cr2* 3d* 2 2
Fe 3d%4s? Fe3™, Mn?™ 3d> 0 5/2
Co 3d"45> Co? T, Fe?t 3d° 2 2
Ni 3d®45* Co?™ 3d" 3 3/2
Cu 3d1945st Ni?* 3d°® 3 1
Zn 3d10452 Cu?™ 3d° 2 12
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Summary

1. Spin-orbit interaction
2. Magnetism In quantum theory

Chapter 2 Magnetism In localized systems

1. Spherical potential
2. Larmor precession
3. Magnetism of Inert gas

4. LS multiplex ground state of open shell 1ons and Hund’s rule



