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Review
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1. Spin-orbit interaction

2. Magnetism in quantum theory

Chapter 2 Magnetism in localized systems

1. Spherical potential

2. Larmor precession

3. Magnetism of inert gas

4. LS multiplex ground state of open shell ions and Hund’s rule



Agenda
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Electronic states in magnetic ions

LS coupling approach

j-j coupling approach

Paramagnetism by magnetic ions in insulators

Curie law

Breakdown of LS coupling approach in 3d transition metals

Ligand field approach

Octahedron potential



Electronic states in magnetic ions (continued)
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Sm

Periodic table of elements



Electronic states in magnetic ions (continued)
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Ex) Lanthanoid:

1 3 4 5 6 7 7 9 10 11Number of 4f electrons:

Lifting of degeneracy to LS multiplex

Hund’s rule to find the ground LS multiplex

0 12 13 14 15

Number of 4f electrons (3+ion): 9 10 11 12 13 143 4 5 6 7 810 2

LS coupling (Russell-Saunders) j-j coupling
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Spin-orbit 
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Spin-orbit splitting of multiplex in single-electron problem
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Spin-orbit term in the Pauli 

approximation:

Coulomb potential: then

The expression tells that the SOI is more important for larger Z and orbitals closer to the nucleus.

Lanthanoid: (effect of spin-orbit interaction) > (that of crystal field)

𝒍, 𝒔: not constants of motion

Spin-orbit single electron 

hamiltonian:



Total angular momentum
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𝒋 is a constant of motion

Zeeman-like term

l, s : Precession around j

Eigenvalue of 𝒍 ∙ 𝒔



Spin-orbit splitting of multiplex in single-electron problem (2)
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l =2

j =5/2

j =3/2

spherical spin-orbit

Energy eigenvalues:

j can take values:



Spin-orbit interaction in the ground state of LS multiplex 
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Multi-electron hamiltonian:

LS-coupling approach

Hund’s rule 
LS multiplex ground state

(2𝐿 + 1)(2𝑆 + 1) degeneracy

L, S are not constant of motion.

: a constant of motion

𝒔𝑖

S S



Spin-orbit interaction in the ground state of LS multiplex 
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𝒔𝑖

S S

Summation on all 𝑚𝑙: σ 𝑙𝑖 = 0

Residual part: 𝒔𝑖 and S are inverted

𝒔𝑖

Ground state



Electron configuration of Lanthanoid ions
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Spectroscopic symbol 

of multi-electron state

2𝑆 + 1:

𝐿:

𝐽:

number 

symbol 

number



Eigenfunction and second quantization representation
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Eigenfunction for (𝐽,𝑀):

Clebsch-Gordan coefficient

Second quantization representation:

Effective Coulomb potential:



Clebsch-Gordan calculator on Wolfram alpha
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https://www.wolframalpha.com/input/?i=Clebsch-Gordan+calculator



j-j coupling (short comment)
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Pr3+

Ground state

: same as LS coupling



Paramagnetism by magnetic ions in insulators
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Free local moment and Curie law

Lande g-factor

Expectation value of 

magnetization:

Due to the g-factor, the magnetization 

is not parallel with the total 

momentum, hence the magnetization 

is not a constant of motion.

Average gives effective g-factor:

Partition function:



Free moment and Curie law
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Examples of experiments
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FeNH4(SO4)2∙ 12H2O

Iron Ammonium Alum

W. E. Henry, PR88, 

556, 1952

Cr

J=3/2

II

Cr

Fe

3/2

5/2

Gd
7/2



LS coupling approach for Lanthanoid (rare earth)
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3d transition metals
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The discrepancy tells 

that we need to take the 

effect of crystal field 

into account before 

going into the spin-

orbit interaction. 



Magnetic ions in insulating crystals: ligands configuration
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(a) (b)
K2NiF4 Cs2CuCl4

ligand

ion

Octahedron coordination

Tetrahedral coordination

(c)

(d)



Effect of ligand field
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Color centers in insulators

Ruby red in Al2O3

Al3+

Emerald green in Al2O3

Cr3+

Sapphire blue in Al2O3

Fe2+

Hemoglobin: Fe



Octahedron ligand field
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Unit: CGS

ligand

ion

Legendre function:

Expansion:



Octahedron ligand field (potential)
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Define

then we write

for m: odd

for k: odd



Octahedron ligan field potential
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Summary

Electronic states in magnetic ions

LS coupling approach

j-j coupling approach

Paramagnetism by magnetic ions in insulators

Curie law

Breakdown of LS coupling approach in 3d transition metals

Ligand field approach

Octahedron potential


