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Electronic states in magnetic ions (continued)
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Electronic states in magnetic ions (continued)

57 58 59 61 62 63 66 67 68 69 VAl
Ex) Lanthanoid: La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
Number of 4f electrons: o 1 3 4 5 6 7 7 9 10 1 12 13 14 15

Number of 4f electrons (3+ion): 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Hi, = Hio + He + Hsor + Her

| >

Lifting of degeneracy to LS multiplex

Hund’s rule to find the ground LS multiplex
LS coupling (Russell-Saunders) J-J coupling
LS multiplex
— —_— electron
Spin-orbit accommodation
interaction ;
] —
— _— Spin-orbit
_ interaction
— Coulomb -
Coulomb interaction @~ ——

interaction



Spin-orbit splitting of multiplex in single-electron problem

Spin-orbit term inthe Pauli  c¢ho-px E  ¢e*h _e’h L
approximation: e~ e WX VY= g aptns =Lt
7Ze? 7Ze? 1
Coulomb potential: V(r) = — —
P (r) Amegr then §(r) 2m2c? (4mweg)r3

The expression tells that the SOI Is more important for larger Z and orbitals closer to the nucleus.
Lanthanoid: (effect of spin-orbit interaction) > (that of crystal field)

Spin-orbit single electron p>

hamiltonian: 7t = Ho + Hso = 9 +V(r)+&(r)l-s

(H, U] #0 [H,s]#0 [, s: not constants of motion

1-s,0.] =ih(=lysy + lusy), [l-8,58.] =ih(=lysy+lys.) = —[l-s, 1]



Total angular momentum
j=l+s —— [H,j]=0 j is a constant of motion

l-s=(1+s) - s—s"=j5-5—8° [#H,s%] =0

A Zeeman-like term

|, s : Precession around j

//J' 2A-s=1+s)°-1"-s*=352-1°-5

Eigenvalueof I - s

" L., . 3
$ G+ =10+ 1) =s(s+D]/2=5 i+ D =10 +1) - 5



Spin-orbit splitting of multiplex in single-electron problem (2)

Energy eigenvalues:
3

/ __7\'-:5/2 GnljZEnl—l_% [](]—l—l)l(l—l—l)z
N3d

|=2 =F"F={""""""" X Ml :/ E(r) Ry (r)*r2dt
0

j can take values: |l +1/2

__Y. J =3/2
spherical spin-orbit




Spin-orbit interaction in the ground state of LS multiplex

Multi-electron hamiltonian: Hgor = » &(ri)li-si — » &li-si — €Y 1+ s

LS-coupling approach

Hund’s rule ——— LS multiplex ground state

— (2L + 1)(2S + 1) degeneracy

H, L] #£0 [H,S]#0

N L, S are not constant of motion.

— | J =L+ S :aconstant of motion

1 1
S; S’ 258 (n <204+1)

H801=5Zli°8¢— (Zl) L S=)\L-S



Spin-orbit interaction in the ground state of LS multiplex

n>2+1
Summationonall m;: )1, =0

Residual part: s; and S are inverted

Hsor =€

§

25

(

2l+1 n
=1 1=21+2
L-S=-)L-S

J=|L—S|IL—S|+1,,L+5

1
L-S=_(J'-L"-8§)=

Ground state

n<2+1

J=|L— 8

2

n>2+1

J =1L

K

LI+ 1) = L(L+1) = S(S + 1)

+ S5
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Electron configuration of Lanthanoid ions

Electronic Electronic
Elements Configuration Configuration Ground state

(Lanthanoid) atom R ion R3T L S J multiplex g;
La 5d6s> 0 0 0 1S, 0
Ce 415d6s> 4f1 3 1/2 5/2 QFSXQ 6/7
Pr 413652 4f2 5 1 4 SHy 4/5
Nd 414652 4f3 6 3/2 9/2 419/2 8/11
Pm 41652 44 6 2 4 214 1/5
Sm 415652 A5 5 5/2 5/2 Hs /s 2/7
Eu 4£7652 4 3 3 0 Fy 0
Gd 4175d6s> 4f7 0 7/2 7/2 S7/2 2
Th 412652 48 3 3 6 "Fe 3/2
Dy 410652 4£° 5 5/2 15/2 6H15;2 4/3
Ho 4111652 4 £10 6 2 8 °Ig 5/4
Er 4f12652 41t 6 3/2 15/2 4I15X2 6/5
Tm 413652 4f12 5 1 6 SHe 7/6
Yhb 4f14652 413 3 1/2 7/2 QFWQ 8/7
Lu 4 1451652 4f14 0 0 0 1S, 0

Spectroscopic symbol
of multi-electron state

(L,S,J)
!

28+1LJ

25 + 1: number
L: symbol
J- number
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Eigenfunction and second quantization representation

Eigenfunction for (J, M): |J, M) =

Second quantization representation:

Effective Coulomb potential:

> (L, My; S, M,|J, M) |L, My; S, M)
M; M,

Clebsch-Gordan coefficient

! 7
%SOI — Z )\'nl (mU, m o )Cbllo.amfaf,

Zege W% (r°)
2m?c?(4mep)

(mltlm’),,, - (

Ai(mo,m'c’) =

\W)

Zoff€

Vi(r)

dmegr

3)
2/ oo’
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Clebsch-Gordan calculator on Wolfram alpha

https://www.wolframalpha.com/input/?i=Clebsch-Gordan+calculator

& WolframAlpha

Clebsch-Gordan calculator
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J-J coupling (short comment)

1 5)
2 3+ |=2 =34+-==-.
Ground state

b 3 :
Jmax = 2 + 5 = 4 :same as LS coupling

|J, M> — ‘47 ‘|_4> — ai5/2 13/2 ‘O>

ajz o Z <37m’ 1/278|5/27.]Z> a’:[ns o \/ 14 a’jz-|—1/2\j, o \/ 14 Jz T

m,s



Paramagnetism by magnetic ions In insulators
Free local moment and Curie law

Due to the g-factor, the magnetization _ . 1y, 7.8
is not parallel with the total Hi = ps(L+gS)- B 1 = 9JHB

momentum, hence the magnetization
is not a constant of motion. 9JJ =L +¢S, J=L+ S

l+g g—1L(L+1)-S5(5+1)
2 2 J(J+1)

Tr|g;upJ. exp(—g;upJ.B/kpT)]
Trlexp(—gjusJ.B/ksT)]

0 —g;usJ.B
= kT —— log [Tr (exp JiHB )]

Average gives effective g-factor: 95 = Lande g-factor

Expectation value of  ,, _ (
magnetization:

_gjuBJz> —

0B kT
e (7+3)
S11L giklB S
Partition function: Ty (exp —9itBJ-B ) _ ngT 2
kT sinh(g;usB/2ksT)
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Free moment and Curie law

gspusd B
M = JB
giuBJ D g ( kT )
2J + 1 2J +1 1 x
B — th — — coth —
s(x) = 55— coth == = 57 coth o7

Brillouin function
r<<1— By(x)~(J+1)x/3J

B d_M —( )ZJ(J—I—l)
X = iB gJjuB kT
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Examples of experiments

RELATIVE MAGNETIC MOMENT M,
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LS coupling approach for Lanthanoid (rare earth)

Configuration ~ ion  p (exp.) g¢s[J(J +1)]/2  2[S(S + 1)]'/2
Aft 2F5 Celt 2.5 2.54 2.56
4f2  3H,  Pr3t 3.6 3.58 3.62
43 lo/s  Nd*t 3.8 3.62 3.68
Af5  SHzp  Sm3t 1.5 0.84 1.53
46 "Fo Eu?t 3.6 0.00 3.40
AT %875 Gd’T 7.9 7.94 7.94
478 "Iy Th3+ 9.7 9.72 9.7
4f? SHysp Dy°" 10.5 10.65 10.6
410 S Ho?* 10.5 10.61 10.6
Aft%Y e ErtT 9.4 9.58 9.6
4112 SHg  Tm?* 7.2 7.56 7.6
A 2Fr  YDUT 4.5 4.54 4.5

 Gm—
 G—
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3d transition metals

Configuration  ion  p (exp.) ¢s[J(J +1)]/2 2[S(S + 1)]1/?

3dt 2Dgjy VA 1.8 1.55 1.73 The discrepancy tells

3 GFy VT 2.8 1.63 2.83 that we need to take the

33 4F3, VA 3.8 0.77 3.87 effect of crystal field
Cr3t 3.7 0.77 3.87 Into account before
Mn*t 4.0 0.77 3.87 going into the spin-

3,74 5Dy 2+ 18 0 1.90 orbit interaction.
Mn?+t 5.0 0 4.90

3d>  6S5,5  Mn2T 5.9 5.92 5.92
Fe3 T 5.9 5.92 5.92

3d® 5D, Fe2+ 5.4 6.7 4.90

3dT  AFyy Co*T 4.8 6.63 3.87

3d8 3Fy Ni2+ 3.2 5.59 2.83

3d°  %Ds,,  Cu?t 1.9 3.55 1.73
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Magnetic 1ons in insulating crystals: ligands configuration

jon

O

(c) Octahedron coordination

(d) Tetrahedral coordination "



Effect of ligand field

Color centers in insulators

_ Emerald green in Al,04
Ruby red in Al,O4

[“3+

CF3+

~ Sapphire blue in Al,0;

FeZ+

Hemoglobin: Fe
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Octahedron ligand field

Z S 702 | ligand ©)
|r — R | %. V12 4+ R? — 2Rr cos w; Unit: CGS ion
R: = (R, 6:, ) (£R,0,0), (0, £R,0), (0,0, £R)
(7/2,0), (7/2,7/2), (0,0), (7/2,7), (7/2,37/2), (7,0) o
7 e?

%<< 1 Expansion: Z . Z( ) Py (cosw;)

Legendre function: P,(x) = L d" (2% —1)]

J LA T o g
4 i
Pk(COS w,,;) = Z Ykm(Qa @)Yk*m(g?/a (70%)

2k +1
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Octahedron ligand field (potential)

: 47 dm
Define 7, = \/% — R’f“ ZYkm i)y Chm = \/% 7 Yem (6, 0)

then we write ’Uc(‘r‘) — >: >: Tkakam(Qa 90)

k=0 m=—k
" T.,, =0 form:odd

_ Tko_\/2k2—|—1]§fjl [@ko( )+4@k0(2)+®k0( )]

8  Ze? T mm
Tin = n () (1+cos57)
-k \/Qk 1 e Okm g ) (T eos

Ykm(é’, (,0) — @km(g)eimcp

T.,, =0 fork:odd
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Octahedron ligan field potential

Ca0(0, ) + \/%(OM(Q» @)+ Ca_4a(0,¢))

ven(r) =D (

3
x4+y4+z4—gr4

)
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Summary
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