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Landau guantization

iltoni 1
Hamiltonian free electron + o (p; + eA)2

magnetic field 2m <
Landau gauge: A = (0, Bz, 0) B =rotA = (0,0, B)
Schrodinger h? | 0° 0> 9, eB
equation: 2y, [83;2 5.2 T (8_y - @733) v = E

Homogeneous for y and z
— Functional form assumption: ¥ = expli(kyy + k. 2)]u(x)

2 2 2
Differential equation for x — h {d ° + (k — Qm) U

21.2
:(E—hkz)u
2m

2m | dx? J h
. . hk mw?  (eB)? eB
Harmoni illator = —2 € = . w. = — :Cyclotron frequenc
armonic oscillator at = = ; > We = — y g y

Land ntization E( k)_h2k§+ —|—1 hw—h2k2—|—(2 + 1)ugB (n=0,1,2 )
z) — P c|— 5 n=uv,l,4,---
andau quantizatio n, 5 n 5 n UB 4




Orbital diamagnetism

How to count density of states?

Periodic boundary condition in a cube with side length L

o 2 h?k? 20/2mE,
z-direction k, = %nz (n,=0,%£1,---) E, = = Number of k, below E m

2m z h

: . 2
y-direction  k, = %ny (ny =0,%1,---)
< diraction L< <L L hk h 2w <L _ |n‘<eBL2

g = te =7 2_63 eBL W=7 VYN Anh
2
Landau level degeneracy (in xy-plane) is
the number of states 3 Nmax
L . E — HBB
below the total energy: Q(F) = —+/8meB Z VE—(2n+1)pugB  Mmax = int ( > )

ds?2

= {1+ exp[—(E — 1) /knT]}dE

Free energy: [ — Ny — szT/



Orbital diamagnetism (2)

Partial integration

1 ) exp[—(E — p)/ksT]
kgT') 1+ exp[—(E — p)/kgT]

1 d 1
= T [/Q(E)dE] dE 1+ exp[(E — 1) /kpT) B

dE

fj—gln{lJreXP[ (E—u)/kBT]}dE:_fQ(E) (_

1 2\/8m eBL3 ey d 1
_ (2 BJ3/? dE
kT / Z no Ve B e o l(B = 1) Jhn T
A — ]‘6L3 m3/2(ﬂ B)5/2
I A/qﬁ 1 . 3m2h3 o ’
el — dE 1 +exp|(E —p)/kpT] H(E) = ni:ax E - 1 3/2
=0 2[,LBB 2

h
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Orbital diamagnetism (3)

Nmax E 1 3/2
To calculate ¢(E) = ) [2” B (n+ 5)]
B

n=0

Mmax 1 3/2 9 1
We use an asymptotic expansion x> 1 ) [a: - (n + —)] ~ g;1;5/2 LY.

—~ 2 16
which can be obtained by applying Euler-Maclaurin formulato F(y) = (z — y)>/?
S notl 1 2 1
S Fm+1/2)x [ dyF) - gl (e +1) - F (O] = 2a%2 - St
n=0 0 24 5 16
L3
The free energy: F = const. — ?P(EF)(MBB)Q 4.
. _ 2 )
Landau orbital diamagnetism:  XLandau = —3 p(Er)pg
Total susceptibility of free _ 4

X = XPauli T XLandau = _P(EF)IJJ%
electrons: 3



de Haas-van Alphen effect: orbital magnetization at high magnetic fiel

Free energy expression

F 0 n=0

ne = No/L°
Rapid change in the free energy at (n + 1/2)hw. ~ Er

Density of states

Motion in z-direction: Density of states in one-dimensional system

h2k? 1L (B2 1 [m
E — E = — —=
0 1T 2 3 4 5 " om pra(E) L 2w ( m ) 2rh \ 2F

1 1
Then the density of states is givenby p(E) = \/ T; (E— (n+1/2)hw
T —(n + C

L k 21.2
Magnetization formula for € (—1)P i , . | pm hek:
a spherical Fermi surface M= 473 Z D ke dk- - Bp sin huw, Er = 2m

21.2
Fi = Eyp — 5 iz varies slowly compared with the rapidly oscillating sine term other than at around k, = 0
m 8

p




de Haas-van Alphen effect in T1,Ba,CuQg,
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Rourke et al., New J. Phys.
12, 105009 (2010).



Experimental data on Tl,Ba,CuQg, s

i = F =18.10(3) kT [ = F_=18.00(1) kT
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Graphene
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Graphene lattice structure and a simple thought on the band structure

Atomic orbitals Honeycomb lattice

OD@+8 .

3 x sp? AOs ' @
in the plane
unchanged 2p,

Dirac corn

Simple thought on band gap opening  Triangular neighborhood e0 & & ¢

€0 €0 €0 _|§ @ 0 0 € = €o(x2
O - § ©  ldnearestneighbor O " § 0 & 0 o,
s ” E 0 0 e €0+ ¢
€ = € + f f I ’
g & R w— €0 -
k= ( ) £ O & ]
0 v f
§  €o — 2& €0 \30 e Degeneracy remains
N




Graphene band structure: Dirac points In k -space

E (unit:y,)

E:hAAzl:f\/lJrélcos

k., =0
E:hAAig‘

4
E (l{m —W) ~ haa + ‘ffa’
3a

A Dirac point

X(Er) =

L _
dt

—eE) — e 2
X (—eFE) eth

V3k,a

ky
1—|—20057a

Graphene magnetic susceptibility
2 2
vgs€” (€
_9vg (—) 0(Er)

o7
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Why this happens?

Remember classical diamagnetism /
r

r2 dB
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No accelerationv
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Measurement of graphene diamagnetic susceptibility

Graphene magnetic susceptibility X
A
2 2
gvgs€” re€
x(Er) = =225 (=) 6(Ey)
- 150
McClure, Phys. Rev. 104, 666 (1956).
- 100
Bustamante et al., Science 374, 6573 ("21). - 50 =
o
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=
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Magnetic field screening, repulsion in graphene
Gm (b)
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Magnetic charge magnetic  Virtual charge to express

force line Induction field in the region
z < 0.
Magnetic field om
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Multi-layer graphene

(b)

Susceptibility
(units of —~gygse2y2/4mh2yy)
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Magnetic levitation of graphite
— L

Pyrolytic Graphite

Salm
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Chapter 4
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Exchange interaction

Classical dipole interaction: U (g, pto, 712) = Ho | B1 - Ko 3(""1 -7T12)(r2 - T12)

3 5
A {5 75

This cannot explain ferromagnetism (1 = p2 = oug,r12 = 0.2nm — U ~ 2 K

Quantum mechanical origin of spin-spin interaction: Symmetry of wavefunction

Fermion wavefunction is anti-symmetric: (Orbital part: anti-symmetric) — (Spin part: Symmetric)

If the anti-symmetric orbital part is energetically favorable, this should work as ferromagnetic coupling.

Heitler-London approximation: A two-atom system without hopping

Atomic orbitals: ¢q, ¢ Spin states: xq, X5 Wavefunction Slater determinant

1 ea(r)xa(st)  eu(r1)xe(s1)
VN [®a(T2)Xa(52)  ©b(r2)X(s2)

Spin up (o): x(1/2)

x(=1/2) =0
Spin down (B): x(1/2) 1

1
0, X(—l/Z) —



Heitler-London approximation

Pauli exclusion: \If('r'l,sl;'rl,sl) = 0, \If(’l"l,Sl;’I’Q,Sz) — —\I}(r2,82;r1,81)

Basis: {\Paa, Vaog, Vaa, ‘I’ﬁﬁ}

Example of interaction .
Hamiltonian calculation: (®¢“ntlac) = > /drldr2\1}aajzpint\]?aa

51,82

— / drldrgc,o;(rl)sa?; (T2)%nt(‘0a (Tl)(pb(T2)

Kap - /drldrzsoﬁ('m)%(rz)%’intsob(rl)eoa(rz)
_ o af Ba B Jab
Matrix elements: 0o | Ko — Jon 0 0 0 Exchange integral
af 0 Koy  —Jab 0
Bo 0 —Ja  Kap 0
33 0 0 0 Ko — Jap
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Spin Hamiltonian

v, \
Eigenstates: L(‘I’ozﬁ +Vsa) p (81482 =1) L(\I/ 3—Vsy) (514 52 =0)
V2 o2 " :

Vs )
Spin triplet Spin singlet
Spin operators: s, s}, 28, -8y = (Sq +8p)° —82 —s5: =8 — 52— s

1
— 5(1 + 48, - 8p) = +1,



Heisenberg Hamiltonian

: : : 1 : . :
Effective Hamiltonian: %, = K, — §Jab(1 +4s,-s,)  Direct exchange interaction

Heisenberg Hamiltonian: 7 — _9 Z Ji;8;-8; Exchange interaction
(i,7)

. e? . . 1
Exchange integral: Jup = /d’rld’r‘gcpa(’rl)gob(TQ)—gOb(rl)(pa('rg)

. _ 471'60 12
Positive — Ferromagnetic
interaction

1

/
Weak hopping correction. Superposition of ¥’ = Vi 0a(T1)Xa(51) ®al(r1)Xa(51)

Pa(r2)Xa(52) $a(r2)Xa(s2)

Electron hopping: @yx, = QaXe — (U|2|T') # 0

84, Sp : anti-parallel —> Energy gain Wy, = (V|2 W) |?

L
AFE

1 1
5(1 —4s, - 3b)Wa,b ! 5(_Jab -+ Wa,b) — Q(Jab -+ Wab)sa - Sp

int —
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