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Chapter 6 Magnetism of Itinerant Electron Systems

» Ferromagnetism in Electron gas

« Hartree-Fock approximation
« Diffusion Monte-Carlo calculation

» Hubbard model: mean field theory

« Hartree-Fock approximation: Stoner criterion
« Magnetic susceptibility

» Magnetism in 3d transition metals

 Slater-Pauling’s curve
 Density of states by APW method
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Periodic table of the elements

Periodic table of the elements

[] Alkali metals [] Halogens
8 group [] Alkaline-earth metals [_] Noble gases
E L [] Transition metals [ ] Rare-earth elements (21, 39, 57-71) L
1 1 B Other inistals and lanthanoid elements (57-71 only) 2
H 2 13 14 15 16 17 He
3 4 [[] Other nonmetals [] Actinoid elements 5 6 7 8 9 10
°| Li | Be B|C|N|O|F|Ne
11 12 13 14 15 16 17 18
I Na|[Mg| 3 4 5 & 7 2| A|si|P|s|cl|Ar
19 20 21 22 23 24 25 30 31 32 33 34 35 36
4 K | Ca| Sc | Ti V | Cr | Mn Zn | Ga [ Ge | As | Se | Br | Kr
37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54
? Rb | Sr Y Zr ([Nb | Mo | Tc | Ru | Rh | Pd | Ag | Cd | In [ Sn | Sb | Te | Xe
55 56 57 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86
°®/cs|Ba|La|Hf |Ta|W |Re|Os| Ir | Pt |[Au|Hg| TI [Pb | Bi | Po | At | Rn
87 88 89 104 |105 (106 |107 (108 (109 (110 (111 (112 |113 (114 |115 (116 |117 (118
! Fr | Ra | Ac | Rf |[Db (| Sg |Bh |Hs | Mt |Ds | Rg |Cn | Nh | FI [Mc | Lv | Ts | Og
terbarl eres 6 58 |59 |60 61 62 (63 64 (65 |66 67 68 |69 70 71
Ce | Pr I Nd |Pm |(Sm | Eu ([Gd | Tb | Dy | Ho | Er [ Tm | Yb | Lu
P 90 91 92 93 94 95 96 97 98 929 100 (101 |102 |103
Th (Pa| U [Np| Pu|[Am |Cm | Bk | Cf | Es [ Fm | Md | No | Lr

*Numbering system adopted by the International Union of Pure and Applied Chemistry (IUPAC). © Encyclopeedia Britannica, Inc.



Hartree-Fock approximation for ferromagnetism in electron gas

Hartree-Fock approximation: A way to treat electron-electron interaction (correlation) in mean field theory.

Let us consider an N-particle system Single-particle wavefunctions Pk1>Pkas " 2 Pk
Many-particle wavefunction fulfilling ;| TR (@1) - Prx(T1)
particle exchange statistics- @ = TN : = :
Slater determinant: o (zN) 0 ory ()
: . x;. all freedoms of a single particle
Assumption: Hamiltonian =", _ i g 4 ol ‘ P
single body + two-body: 4 ‘ 7 : _)U T &
j= 0]

Expectation value of the total energy: )y — (@, #D)

Hartree-Fock approximation = minimize Y in variational method on {¢x; }




Hartree-Fock approximation (2)

Constraint — Orthonormal basis:  (ki|k;) =

(1) Directintegral 1y — (ks BlES) + S [(kik; o] ik bk ol &
and (2) Exchange integral: Z 7] gj:) ll) j) = ! J|(2|) jki)l

We apply the method of Lagrange multipliers.  Consider the quantity: W — Z Nij (kilk
(2,9)

Extremals condition for the variation of {¢} } hek, + > _[(kilvlki) er, — (kilvlk;) Z)\zgﬁ%
=1
N
Density matrix (definition): p(x,2") = Z O, (@) ok, (z)
1=1

We further define  vert(z) = /dm'v(ﬂ%iﬂ')P(ﬂ?'a«fE), A(z)p(z) = fdw,v(icaic')so(m’)ﬂ(w'afﬁ)

Then the extremal condition is  [h(z) + ver(x) — A(x)]pr, (x Z i Pk, (



Hartree-Fock approximation (3)

N
[B(z) + vest (z) — A(z)] ok, (2) = Y Aijor, (z)
1=1
O
We take ¥k, for an eigenfunction of operator @ [2(x) + verr(z) — A(x)] ok, () = €k, @r, ()

Then taking N of eigenstates with the lowest eigen energies, and make the Slater determinant from them.
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Hartree-Fock ground state

Operator © dependson {¢k,} mmm==)  Self-consistent equation

[ [h(x) + vegt () — A(x)]r; (x) = e, 0x;(x)  Hartree-Fock equation ]




Magnetism in jellium model

‘ ‘ ‘ ‘ - = Jellium model

—e
_ —e
Electrons in a _° Y s ° e
attice botential _a @ o S . ¢ © Electrons in a uniform
P - 0 o8 e c ©° 5 . background
O —_ —

‘_e‘ ‘—e‘ D8 p=te/ S

Jellium model ground state of non-

— T
interacting electrons vy = ][ <0
E(kag)SEF
1
iltonian with i ion: P
Hamiltonian with interaction: % = Zekckockg T > VgChsq.0Chi —q.0Ck' o Cho
k.o k,k',0,0",q#0
_ 2k’ B Amre?
k= 2m Uq o q2

System parameter: Averaged particle 1

3 1/3
distance measured by Bohr magneton:  7s = an [4W(k%/37r2)]




Magnetism in jellium model (2)

In the jellium model, plane waves are already the self-consistent equation. Then the plane wave states that
minimize the energy is the solution of HF approximation.

N
Remember W =Y (kjlhlk;) + > [(kik;|vlkik;) — (kik;|v|k;k;)]
j=1 (2,9)

Kineti lect 1 Z 2V A3k h2k? 3 h2ki 2.21R
. €ke — = €ENies — — ng = 7~ —

Inetic energy per an electron ke = 77 C_ kT N | @0? 2m =10 m 2 y
No direct integral term (Hartree) due to the charge neutral condition in the case of jellium model.

1 ; 1
Exchange energy per an electron:  €ex = TONV Z Vg (V|Chtq,5Chtq,5ClsChs |Y) = NV UgNk+qMNk

kaq#oas k:S
o 3e? k 0.92
Integration gives  €cx = A Ry
4 T

o 2.21  0.92
Hartree-Fock energy is given by  énf = ( 2 )RY



Magnetism in jellium model (3)

Ny
Magnetic polarization: =
J P b NT -+ N¢
52 3(67T2)2/3h2 5/3 5/3 3(67T2)2/3h2 5/3
Bie(p) = g5 5 (kg + ki) = S0 ——— (03" 4 n]?) = S 070 — (1= p)Png?,
362 6 1/3 4/3 4/3 362 0 1/3 4
_ 2 [P _ 2 (2 /3 _ (1 — p)4/31,4/3
Balp) == (2) "4 =2 (2) b - (- e
AFE = [Eye(1) + FEex(1)] = [Exe(0.5) + FEex (0.5)]
AFE <0 Ferromagnetic state is the ground state
Table 1.1
rs > 5.4531 FREE ELECTRON DENSITIES OF SELECTED METALLIC ELE-
ﬂ MENTS*
Taken from Ashcroft-Mermin
22 3

Overestimation of ELEMENT VA n (10°“/cm”) rdA) riag Solid State Physics
the stability of Li (78 K) 1 4.70 1.72 3.25
e stability 0 Na (5 K) 1 2.65 2.08 393
ferromagnetism K (5K) 1 1.40 2.57 4.86
Rb (5 K) 1 1.15 2.75 5.20

1

Cs (5K) 0.91 298 5.62 n



Correlation energy

In a realistic electron gas, the electrons keep away from each other lowering the Coulomb energy
even between ones with the opposite spin directions.

‘ Difference from the HF interaction energy:  Correlation energy

e Phase diagram by diffusion Monte-Carlo
2.5 . method
§ 2.0 — 70 <rs <90
Eﬁ Polarized Fermi fluid
g 15 Metastable Huge deviation from 3d metals
N DN Bose fluid
1.0 - e
° 7
Unpolarized
05 Fermifluid _ -
Wigner crystal
o 40 80 120 %0 200 Ceperly, Adler, PRL 45, 566 (1980).



Hubbard model

Two-site Hubbard Hamiltonian

General Hubbard Hamiltonian

Fermion commutation relation:

3d transition metals: 3d4s open shell

(1) 3d: Tendency to localize
(2) 4s: Delocalize, light mass — screen long range Coulomb interaction

I =1 Z (aiaazg + Gggala) + U(nipnay + napngy )

o="TJ
N
A= tijel,cis +U > iy
1,7,8 i
(1) » Hopping On-site Coulomb « (2)

{CT Cis’} — 5113'583’

18"

In the present case, this Hamiltonian only acts on d-electrons explicitly.
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Hubbard model (2)

N
Hubbard Hamiltonian 7 = Z tijclaCis + U > fupi

3.7?

1 iR; -k 1 ik-(Ri—R

. . - i o (R, —R;)

Fourier expansion  ¢;s N > eBikag,, ty ~ > ere
k k
2 . : .
ki-(Ri—R;) —iks-R, ks-R, _
Z tijc;-rscjs = Z Nz Z €, € " ( i) e~ a;;ﬁez 3N Qs = Zeka;rcsaks
(iﬂj>ﬂs iﬁjﬂs klka:kS k,S
Tendency to localize but still itinerant Itinerant electron system

I = Z ekaksaks +U Z Nt
k,s
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HF approximation in Hubbard model

Local magnetic moment, electron  ,,, — (ny) —(ny), n={(ng)+(ng)
number (per site)

~ U Y (g} Ay + (Ay) ir) — NU (nq) (ny) l
NUZ Fluctuation term:
Take average — = T(nz —m?) ﬂ dropped in HF

approximation
Moving in the averaged field
of opposite spin

Hap =Y (e + U (n_s))ngs — NU (ny) (n)

k,s
T, = s==+1 (’ns>:%(n+sm)

15



HF approximation in Hubbard model (2)

Hd—=s=+1 (ns)=s(n+sm) > fes = N({ny) + (ny))  averaging

Har = Y (e + U (n_s))ngs — NU (ny) (n,) Hap = (Ek - SUm) ks + %(nz +m?)

Total energy: g — 3" (ek B SUm) N E(nz +m2)

Ers <p —— Energy shift by magnetization

Spin-dependence of Au > Difference in the numbers of 1 electrons and | electrons

should be consistent with m
16



HF approximation in Hubbard model (3)

Self-consistent equation ~ m = 2%(Er)Ap = Z(Er)Um U%(Fp)=1  fornon-zerom
Density of states

Increase in the Kinetic energy by
spontaneous magnetization

Decrease in interaction energy
by spontaneous magnetization

AF <0

2

2 m -
P (Er)(Ap) TS I
285 |5 -0
—NUm?/4 3
UY(Fr) > 1 Stoner condition

For ferromagnetism to take place, the Coulomb energy should be larger than the band width.

(Still has a problem of overestimating the Coulomb effect in the case of anti-parallel spins.)
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Magnetism In 3d transition metals

_ 24 |25 27 29 |30
Elementary ferromagnetic metals cr | Mn Co Cu | Zn

structure lattice Tc Mg K4 Ag e P
/density parameters (K) (MAm~—1!) (kJm=3) (1079 (%)
(kgm—?) (pm)

Fe | bcc 287 1044 1.71 48 —7 1.6 45
7874

Co | hep 251 1388 1.45 530 —62 8.0 42
8836 407 (fec)

Ni | fcc 352 628 0.49 —5 —34 44
8902

From D. Coey in Materials for Spin Electronics, Springer 2008
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Magnetism of 3d transition metals: Slater-Pauling’s curve

Magnetic moment per atom m [p_]
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© FeNi
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»  NiCu ]
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0.0 [
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Valence electrons per atom 7,

Balke et al., Sci. Technol. Adv.
Mater. 9, 014102 (2008).
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Slater-Pauling’s curve

Experimental data are in line.
The gradientis +1 !

Abrupt change around Fe



APW method to calculate DOS

Holr) = | =50+ V()| o(r) = Eo(r
Va(r) (spherical) (r <re)

in-ti ial: V(r)=
1 Muffin-tin potential: V' (7) {Vo (= Val(re): const.) (r > rc)

2

Hartree: Vd(r)=Z<¢z( ol

1

bi(r"))

=

3\ 1/3
Exchange: v, = —3¢2 (4_) pr(r)1/?
T

Zl,m Alle (T)lem(gj QO) r < re,
Z?{Y:O B’n exp[z’(k + Kn) . ’I’] > T

4

Iteration for convergence for each k

Variational wavefunction: &..(r) = {

20



Density of states in NI and Fe
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Fermi energy “locking™ around a valley in density of states

Enhance particle number

__

Decrease particle number

_

Needs large kinetic
energy

Er

Enhance In

occupied states
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Summary

Chapter 6 Magnetism of Itinerant Electron Systems

» Ferromagnetism in Electron gas

 Hartree-Fock approximation
o Diffusion Monte-Carlo calculation

» Hubbard model: mean field theory

» Magnetism in 3d transition metals

 Slater-Pauling’s curve
* Density of states by APW method



