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Review
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 Magnon condensates, Magnonics

 Scaling, Renormalization group

Coarse graining

A

B

System transition in a parameter space

Flow diagram

Stable fixed point: Extreme conditions

Unstable fixed point: critical point

Renormalization group transform with scaling factor x Renormalization group equation



Outline
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Chapter 6 Magnetism of Itinerant Electron Systems

 Ferromagnetism in Electron gas

 Hubbard model: mean field theory

 Magnetism in 3d transition metals

• Hartree-Fock approximation

• Diffusion Monte-Carlo calculation

• Slater-Pauling’s curve

• Density of states by APW method

• Hartree-Fock approximation: Stoner criterion

• Magnetic susceptibility



Magnetic Puzzle

Chapter 6
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Periodic table of the elements
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Hartree-Fock approximation for ferromagnetism in electron gas
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Hartree-Fock approximation: A way to treat electron-electron interaction (correlation) in mean field theory.

Let us consider an N-particle system Single-particle wavefunctions

Many-particle wavefunction fulfilling 

particle exchange statistics-

Slater determinant:

Assumption: Hamiltonian = 

single body + two-body:

𝑥𝑖: all freedoms of a single particle

Expectation value of the total energy:

Hartree-Fock approximation = minimize        in variational method on 



Hartree-Fock approximation (2)
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Constraint – Orthonormal basis:

(1) Direct integral 

and (2) Exchange integral:
(1) (2)

We apply the method of Lagrange multipliers. Consider the quantity:

Extremals condition for the variation of

Density matrix (definition):

We further define

Then the extremal condition is



Hartree-Fock approximation (3)
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We take        for an eigenfunction of operator 

Then taking N of eigenstates with the lowest eigen energies, and make the Slater determinant from them.

Hartree-Fock ground state

Operator depends on Self-consistent equation

Hartree-Fock equation



Magnetism in jellium model
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Jellium model

Electrons in a uniform 

background

Jellium model ground state of non-

interacting electrons

Hamiltonian with interaction:

System parameter: Averaged particle 

distance measured by Bohr magneton:



Magnetism in jellium model (2)
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In the jellium model, plane waves are already the self-consistent equation. Then the plane wave states that 

minimize the energy is the solution of HF approximation.

Kinetic energy per an electron:

Exchange energy per an electron:

Integration gives

Remember 

No direct integral term (Hartree) due to the charge neutral condition in the case of jellium model.

Hartree-Fock energy is given by



Magnetism in jellium model (3)
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Magnetic polarization:

Ferromagnetic state is the ground state

Taken from Ashcroft-Mermin

Solid State PhysicsOverestimation of 

the stability of 

ferromagnetism
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Polarized Fermi fluid

Wigner crystal

Metastable

Bose fluid

Correlation energy

In a realistic electron gas, the electrons keep away from each other lowering the Coulomb energy 

even between ones with the opposite spin directions.

Correlation energyDifference from the HF interaction energy:

Phase diagram by diffusion Monte-Carlo 

method

Ceperly, Adler, PRL 45, 566 (1980).

Huge deviation from 3d metals



Hubbard model

13

3d transition metals: 3d4s open shell

(1) 3d: Tendency to localize

(2) 4s: Delocalize, light mass → screen long range Coulomb interaction 

Two-site Hubbard Hamiltonian

General Hubbard Hamiltonian

Hopping(1) → On-site Coulomb ← (2)

In the present case, this Hamiltonian only acts on d-electrons explicitly.

Fermion commutation relation:



Hubbard model (2)
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Hubbard Hamiltonian

Fourier expansion

Itinerant electron systemTendency to localize but still itinerant



HF approximation in Hubbard model
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Local magnetic moment, electron 

number (per site)

Fluctuation term: 

dropped in HF 

approximation

Moving in the averaged field 

of opposite spin



HF approximation in Hubbard model (2)
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averaging

Single electron energy shift:

Total energy:

Energy shift by magnetization

Spin-dependence of Difference in the numbers of ↑ electrons and ↓ electrons

should be consistent with m



HF approximation in Hubbard model (3)
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Self-consistent equation for non-zero m

Density of states

Increase in the kinetic energy by 

spontaneous magnetization

Decrease in interaction energy 

by spontaneous magnetization

Stoner condition

For ferromagnetism to take place, the Coulomb energy should be larger than the band width.

(Still has a problem of overestimating the Coulomb effect in the case of anti-parallel spins.)



Magnetism in 3d transition metals
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Elementary ferromagnetic metals

From D. Coey in Materials for Spin Electronics, Springer 2008



Magnetism of 3d transition metals: Slater-Pauling’s curve

Balke et al., Sci. Technol. Adv. 

Mater. 9, 014102 (2008).

Experimental data are in line.

The gradient is ±1 !

Slater-Pauling’s curve

Abrupt change around Fe



APW method to calculate DOS
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Muffin-tin potential:

Hartree:

Exchange:

Variational wavefunction:

Iteration for convergence for each k



Density of states in Ni and Fe
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Fermi energy “locking” around a valley in density of states
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𝐸𝐹

Enhance particle number

𝐸𝐹
Needs large kinetic 

energy

𝐸𝐹

Decrease particle number

Enhance in 

occupied states



Summary

Chapter 6 Magnetism of Itinerant Electron Systems

 Ferromagnetism in Electron gas

 Hubbard model: mean field theory

 Magnetism in 3d transition metals

• Hartree-Fock approximation

• Diffusion Monte-Carlo calculation

• Slater-Pauling’s curve

• Density of states by APW method


