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Band discontinuity
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Band discontinuity parameters
Anderson’s rule: affinity from the vacuum level 

determines the alignment

R. L. Anderson, IBM J. Res. Dev. 4, 283 (1960).



Heterojunction types
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Type-I Type-II Type-III

(Type-II staggered)



Chapter 7 Quantum Structure 

(Quantum wells, wires, dots)



Quantum well (elementary quantum mechanics)
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Quantum well
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Optical absorption of quantum wells
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Envelope functions Lattice periodic functions

Direct transition rate:

Transition energy:

Two dimensional density of states:



Optical absorption of quantum wells
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Excitons in quantum well
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electronhole Schrödinger equation

Variable separation

Radial wavefunction

m: magnetic quantum number

Power series expansion

The series to be stopped 

at a finite length
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Excitons in quantum well
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GaAs/AlAs superlattice

8.3 nm/9.3 nm
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Quantum barrier
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𝐴1(𝑘) 𝐴2(𝑘)

𝐵1(𝑘) 𝐵2(𝑘)
1 2

𝑄

𝑀𝑇

Simpler way to consider tunneling through energy barriers

 Transfer matrix: T-matrix

 Scattering matrix: S-matrix

Transfer matrix: 𝑀𝑇

𝑀𝑇 for a barrier width 𝐿 height 𝑉0

Inside the barrier

Boundary condition: value

derivative

Then

is obtained as

momentum conservation

→ relation between wavefunctions

Generally  𝑣𝑔𝜓



Transfer matrix for rectangular barrier
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t, r : complex transmission and reflection coefficients

Transmission coefficient 𝑇 = 𝑡 2, reflection coefficient 𝑅 = 𝑟 2

Then the transfer matrix is expressed as

𝐴1(𝑘) 𝐴2(𝑘)

𝐵1(𝑘) 𝐵2(𝑘)
1 2

𝑀𝑇

𝑉0

L



Application of transfer matrix: double barrier transmission
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𝑀𝑊𝑀𝑇
𝑀𝑇

Calculation of transmission coefficient

T-matrix for well



Double barrier transmission
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Resonant transmission condition: zero points of cosine term



Transport experiment of double barrier conduction
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Sample structure

STEM image Calculated transmission coefficient

Measurement scheme

Result at 4.2 K



Application of T-matrix (2): Semiconductor superlattice
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d =W+L

Kronig-Penny potential: 𝑉𝐾𝑃(𝑥)

Schrödinger equation

Bloch theorem

unit cell

Unit cell transfer matrix

𝑎𝑖 𝑎𝑖+1

𝑏𝑖 𝑏𝑖+1 Eigenvalues  𝑒±𝐾𝑑 (𝑀𝑑: unitary)

Theorem: Tr 𝐴 = σ(eigenvalue)

The relation between k (free electron wavenumber) and K (crystal wavenumber)



Semiconductor superlattice
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Raphael Tsu and Leo Esaki, 1975

𝛿-function series with the coefficient C.

effect of superlattice potential

STEM image of 

AlAs (30 nm)/GaAs (30nm)

superlattice

:no solution → band gap

Around 𝑘𝑑 = 𝑛𝜋 (𝑛 = 1,2,⋯ )



Modulation doping and 2-dimensional electrons
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GaAsAlGaAs:Si AlGaAs

Donor potential

Electric field of 

sheet charge at z’

Heterointerface

potential

potential

Schrödinger equation

Boundary condition

Poisson-Schrödinger scheme

equation



Electron mobility in MODFET
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Matthiessen’s rule (series connection of scattering)

Reduction of 

impurity scattering 

by modulation 

doping structure

Walukiewicz et al. Phys. Rev. B 30, 4571 (1984).Fletcher et al., J. Phys. C 5, 212 (1972)



Formation of quantum wires: split gate
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Metal gates

Depletion layer

Two-dimensional

electrons

Electric field along z-axis can be approximated as

Two-dimensional electrons are pinched with depletion layers from Schottky gates to a one-dimensional system.

The bottom part of the confinement potential can be approximated by harmonic potential.



Self-assembled nano-wires
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G. Zhang et al.

NTT technical

Review

http://iemn.univ-lille1.fr/sites_perso/

vignaud/english/35_nanowires.htm



Core-shell nanowire transistor
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Vds=-2 V

Vds= 1 V

L. Chen et al.,

Nano Letters 16, 420

(2016).



Carbon nanotube
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Quantum dots: zero-dimensional system
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wrap gate

split gate

vertical type

Quantum dots with 

nano-fabrication 

techniques

with charge detector



Formation of quantum dots: self assemble
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MBE growth modes

Frank-van der Merve Volmer-Weber Stranski-Krastanow

RHEED AFM STM



Formation of quantum dots: Colloidal nano-crystals
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