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Review of the lecture In the last week

» Aharonov-Bohm effect and quantum transport

» Bunching and anti-bunching of particles (bosons and fermions)
» Waveguide propagation of exciton-polaritons

» Bose-Einstein condensation of exciton-polaritons

» Single electron effect in quantum dots



Review: Single electron effect in transport through guantum dots
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Quantum confinement H(N,Vy)

Zero-dimensional confinement to a guantum dot gives
shifts in Coulomb peak positions.
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Quantum confinement effect in a vertical quantum dot
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Two-dimensional harmonic potential

\\\“? Potential shape: V(z,y) = %( 2 +9?)

2 2
Easy solutions from1d ¢, ,, = Aexp [_ mw(z” +y )] H,. [ @x] H, [ @y}
harmonic potential 2h V & h

Eigen energies: E(ng,ny) = (ngy +ny + 1w = (ny + 1)hw ny +ny,=n =0,1,2,---
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Quantum dot in magnetic field

Hamiltonian with B = (0,0, B)

Expansion of the kinetic energy term

Definition of cyclotron frequency and composite
harmonic confinement potential frequency

The Hamiltonian is rewritten as

Fock-Darwin state eigen energies

Degree of degeneracy atB =0
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Quantum dot in magnetic field
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Fock-Darwin states

0
K
“‘Xv‘\ AR
}‘\4

E(n )/ho
i
g\
\

N=12

4 5

Level crossing points
2 1 —0.5
(&) =n; — 2+ —
W nr,
n; . Landau index N
=1,2,.... £
=+ (Ul+D/2 -
(a
g
>CD
—1.5

* : Solutions

% & |
.
. 6
[ J
o 4
[
2
N=0
] " ] " ]
1 2 3

Magnetic Field (T)






Review: the Hall effect

N\ Edwin Hall [ SR |
\V/ T 1885-1938 |

Longitudimv B

voltage ®

+++++ +++++++++++++HH+H+| [+t

X B
qv < By

Current
s, V)

\ Transvers voltage
qEy Hall voltage

(longitudinal voltage) (Hall Voltage) _
R,, = (longitudinal Ryy = (Hall resistance)
(current) resistance) (current)




Integer Quantum Hall Effect |
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Birthday of quantum Hall effect

5.2.1980 BIRTHDAY OF QHE
(at 2 a.m.)
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IQHE and Landau quantization
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Hendrik Lorentz |

Two dimensional electrons under magnetic field

) 1853 - 1928
d“r
Lorentz force (magnetic field onl — =—ev X B
@ Cyclotron motion r = R + rg(cosw.t, sin w.t)
B
] We = il cyclotron frequency, rg = 2. cyclotron radius,
m We
R : guiding center
T This can be viewed as a motion in harmonic potential.

d*r
With electric field Mg = —e(E +v x B)

R: Moves vertically to E with constant velocity E/B

Quantum mechanical Hamiltonian (no external electric field)

= Tp o PHeA?  w_ mAm,
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Landau quantization (two-dimensional)
4 h2 )
Commutation relation  [Ta, 8] = —ihdag (o, B = ,y), |72, 7y = —i—

Magnetic length [ = \/ \[,/ Po (271%)B = ¢ = E
eB e

Space coordinate operator 7 — (wy, — ) Lev Landau
T 1908 - 1968
Guiding center operator R = (X,Y), [X,Y]=il?
[ [
down/up operator @ = — (7, —im,), a' = —(m, +im
. Y
Remember:
1-d harmonic oscillator /% _d_2 +q¢®>)¢=E¢ downlup operators a,a’ = 1 ii +q a,a'] =1
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Landau quantization: Landau gauge

Diagonalize X : Landau gauge A = (0, Bx)
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Schrodinger equation 7)) = (p+ed) P = — L !ﬁ . (—zhag + eBac) p(r)
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Plane wave solution alongy +)(r) = u(x) exp(iky)
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Landau quantization: forms of wavefunctions

Diagonalize X Diagonalize X?> + Y?  « Symmetric gauge
A=Bxr/2



Shubnikov-de Haas oscillation

0<X<W, = -W,I?<k<0

Number of states in S = W, X W,
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SdH oscillation (example)
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| ocalization/delocalization of wavefunctions
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Edge mode explanation of IQHE
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In an edge mode, the group velocity appears because

the energy levels varies with x.
dE 1% dE

W) = 5ak = " h dx

Current brought by a Landau edge mode

X
w L,dX e e dFE €
J = y S axe =Su—-E

/XG w2 I, T / ax ~ pnEo)

One dimensional system:
Landauer formula is applicable

J,  e(Ja—Jg) €
Oa:y = — = —
V:c HA — UB h

Chiral edge mode: No backscattering!



Explanation from topological aspect

Bloch electrons under magnetic field: tight binding model

Translational operator: Trf(r) = f(r + R), Tr=exp (%R : p)
. R V2
Hamiltonian: J = — + V(r)
2m
— simultaneous diagonalization — Bloch states
1
H = — AP +V
——(p+eA)* +V(r)

A(r) = A(r + R) + Vg(r) does not have translational symmetry
Magnetic translation operator p — p + ¢ A

Symmetric gauge A = B x r/2

[/

Ter = exp{ﬁR- [p+ g(r X B)}} = Trexp [

1€

h(BxR)-g]

[%7 TBR] =0



Magnetic Brillouin zone

B
However TBRaTBRb — eXp(27Ti¢)TBRbTBRa, ¢ = %ab

¢ = p/q : rational number

Magnetic unit cell: unit vectors (a, b) — magnetic unit vectors (qa, b)

Lattice vector : R’ = n(qa) + mb Tgg,: elements commute

Y: simultaneously diagonalizes H and Tgp,

Magnetic Brillouin zone: 0 < ky < 27/qa, 0 < ky < 27/b

Tya+b¥ = expli(kzqa + kyb)]w

Magnetic Bloch function:  4),,1 (1) = e* w1 (1)



Magnetic Bloch function

VT
unk(aj + qa, y) — €Xp (Z%> unk(xa y)7
DX
’U,nk,(fl?, Yy + b) = €XPpP (_Zq%) unk(xa y)

Unk (1) = |Unk(r)| explif(r)] P=—5— ¢ dl-—2

Remember k-p approximation peikr = eikr(hk D)
(p + eA) ™ U (1) = e*" (hk + p + e A)* Ui (T)

Schrodinger-like equation for u,; (1)

1
Tk (T) = Eppinr (1), G = —(—thV + hk + eA)2 + V(r)

2m
k- dependent Hamiltonian



Kubo formula for o, Ryogo Kubo

1920 - 1995
Electric field along y-axis: E
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Magnetic Bloch function (1)

Velocity operator: v = (—iAV + eA)/m
Unk(T) = |1, k)

qa b
(n, k|lv|m, k') = 5kk// dx/ dyu VUi = Opser (n|V|M)
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Kubo conductivity calculated with magnetic Bloch functions
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Vector field: App = / A" TUpp V kUnk = (Unk| Vi|Unk) Berry connection
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TKNN Formula

Existence of zero or anomaly
1 2 2 II I dk
_ _ _ I=—,[/dk[rotA]kz+/dk[rotA]kz]z% (A" - A" . —
Magnetic Brillouin zone 2me LJ1 I oH 2mi
On the boundary 9H U}{, — uﬂew(k)
2nt/a
. dk
! o I = ]{ (e | Vilug) + (iV50) (g Jug) — (| Vilug)] - 5=
R . 271
Apb .
v = SH — vg : Chern number (integer)
T
Topological invariant
r ™
0 Ky 21/ ga 62
Oxy = VCE
N Y

Thouless-Kohmoto-Nightingale-den Nijs (TKNN)
Formula



Laughlin’s discussion

Robert Laughlin

Landau gauge A = (0, Bz — ®/L,) = (0, B(x — ®/L,B))

. . o d L
Magnetic flux @ : X shift X — X . ——= (N, =nyL,L
g +LyB QbONL ( L ny, y)
. J, 10E;, L
]yzL_izL aqf (cf.E=§J2,<I>=LJ)

1 AE}, 1 L.\ N, o2
- =7 \- z — VT Cx h =
Lm A@ L:L‘ ( 68 NL) ¢O v h g Chern number 1



Summary of “topological aspect™

(a) In 2D system under magnetic field: magnetic Bloch functions,
magnetic Brillouin zone

(b) Kubo formula for Hall conductivity: matrix elements of velocity
operator

(c) From (a) and (b) Hall conductivity is obtained as the integration of
Berry curvature over magnetic Brillouin zone

(d) TKNN formula: Chern number (topological invariant) times
guantum conductance

(e) Chern number is integer (due to single-valuedness of atomic part)
and non-zero in quantum Hall system (Laughlin’s discussion)
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Bulk-Edge correspondence

(a) Insulating State (b) (C)
OB OB ORI \

@ @ @ 1IN

Cop (o Cop | meeeme |
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(d) Quantum Hall State (€) (f)
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Q5% |
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Hasan & Kane, Rev. Mod. Phys. 82, 3045 (2010).

>

Transition between bands with different Chern number only can attained
through energy gap collapse.



Fractional quantum Hall effect

2.5_lllllllllllla|lllllllllllllll_ll

———

I 3/5 1/2 4@/7
ﬂ JT57/9 Js/liul

3

1(7/ 13

L2l

|11 6/13

5 10

15 20
Magnetic field (T)

25

Laughlin state



